Introduction
Besides their natural applications in computational science and engineering, multiscale problems pose challenging theoretical questions in the framework of mathematical fluid dynamics. The large range of different scales produces a very large family of unknowns that can be treated only at the expense of higher computational costs. The observable macroscopic behavior of a system described by the methods of continuum mechanics may depend sensitively on purely microscopic phenomena as interactions of molecules and impurities of the physical boundaries occurring on much smaller space and time scales. The method of model reduction provides effective equations for a particular choice of scale(s) of interest. Rigorous derivation of the effective equations typically involves performing a singular limit process in a more general primitive system where some of the characteristic numbers are small or become infinite. Typical examples in fluid mechanics are the high Reynolds number limit, where the fluid becomes inviscid, the low Mach number regime driving the fluid flow to incompressibility, or the highly rotating fluids (low Rossby number) occuring in geophysical problems, among others.
In this note, we discuss several recently developed methods for studying stability of a singular limit process with respect to the shape of the underlying physical space. As a model example, we consider a compressible viscous barotropic fluid occupying a spatial domain Ω ⊂ R 3 . In what follows, we describe two rather different problems: (i) the choice of effective boundary conditions; (ii) the fluid flow in the low Mach number regime. In the remaining part of the paper, we analyze these two issues simultaneously comparing the impact of different scales on the form of the resulting effective equations as well as the boundary conditions. Such a "synthesis" of several mathematical techniques may be useful in analyzing much broader class of multiscale problems.
Effective boundary conditions for viscous fluids
Recently, a new discussion has been initiated concerning the effective boundary conditions satisfied by a velocity field describing the motion of a viscous fluid, see Priezjev and Troian [31] . The commonly well-accepted hypothesis asserts no-slip, meaning, in particular, the velocity vanishes on a solid wall provided the latter is at rest. On the other hand, some gases as well as fluids are known to obey a kind of slip behavior described by Navier's condition
where u is the fluid velocity, S denotes the viscous stress, and n is the normal vector to the boundary, see Bulíček et al. [5] , Coron [8] . Moreover, the slip boundary conditions have been identified as the effective boundary conditions in domains with rough boundaries, see Jaeger and Mikelič [19] , Mohammadi, Pironneau, and Valentin [29] .
Another possibility how to interpret the no-slip condition was proposed by Richardson [32] , and later developed by Amirat et al. [1] , Casado-Diaz, Fernandez-Cara, and Simon [6] . It is shown that the no-slip condition
emerges as an inevitable consequence of fluid trapping by boundary asperities. A general form of the boundary conditions that can be obtained in this way was identified in [3] , for more specific results in this direction see Casado-Diaz, Luna-Laynez, and Suarez-Grau [7] . In order to illustrate the previous discussion, consider a family of domains {Ω ε } ε>0 ⊂ R 3 satisfying uniform δ−cone condition, in particular, we may assume that Ω ε → Ω in the sense of Hausdorff complementary topology, see Henrot and Pierre [18, Chapter 2] . In addition, we suppose that the boundaries ∂Ω ε "oscillate" in the following sense:
for q.a. y ∈ ∂Ω, and all |w| = 1, w · n(y) = 0, where n(y) denotes the outer normal vector at y ∈ ∂Ω. Under these circumstances, let {u ε } ε>0 be a sequence of vector fields such that
Applying the general result obtained in [4, Theorem 4.1] we may infer that the limit velocity u satisfies the no-slip condition (1.2).
Incompressible limits
The so-called incompressible limits provide a rigorous justification of the incompressible Navier-Stokes systems as a singular limit of a more complex barotropic model of a compressible viscous fluid in the low Mach number regime, see the surveys by Danchin [10] , Gallagher [17] , Masmoudi [28] , and Schochet [33] , among others. On condition that the characteristic speed of a compressible fluid is largely dominated by the speed of sound, the time evolution of the fluid density = (t, x) and the velocity u = u(t, x) is governed by the scaled Navier-Stokes system:
where the (small) parameter ε is the Mach number, p = p( ) is the barotropic pressure, and the S(∇ x u) is the viscous stress, here given by Newton's rheological law
Furthermore, we suppose the fluid is confined to an unbounded (exterior) domain Ω ⊂ R 3 , with smooth boundary, and impose the slip boundary conditions u · n| ∂Ω = 0, [S(∇ x u)n] tan | ∂Ω = 0, (1.7)
along with conditions at "infinity":
Under these conditions, it is natural to assume that solutions of the evolutionary problem (1.4 -1.8) satisfy the total energy balance:
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characterizing the original state of the system. The symbol H stands for the potential energy determined in terms of the pressure, specifically,
in particular, the function H is strictly convex, provided the pressure p is an increasing function of the fluid density.
In what follows, we shall assume that p
The technical restriction γ > 3/2 appears also as a kind of critical exponent in the existence theory related to system (1.4 -1.6), see [16] , Lions [26] . The energy inequality (1.9) yields suitable uniform bounds independent of the scaling parameter ε → 0 provided we are able to control the quantity on the right-hand side given in terms of the initial data. Accordingly, we assume the data are prepared, specifically,
Consequently, using convexity of the function H we obtain ess sup
and, by virtue of Korn's inequality,
for any family { ε , u ε } ε>0 of (weak) solutions to problem (1.4 -1.8) emanating from the initial data satisfying (1.11), (1.12), cf. Lions and Masmoudi [27] . In particular,
and
where div x U = 0.
Strong convergence with respect to time in (1.14) is a more delicate issue and will be discussed below. As soon as established, it is easy to check that the limit function U represents a (weak) solution to the incompressible Navier-Stokes system
Synthesis: Incompressible limits on families of domains
Our goal is to apply the methods presented in Sections 1.1, 1.2 to problems of domain sensitivity of incompressible limits. To this end, we fix the Mach number to be ε and introduce a family of domains {Ω ε } ε>0 ⊂ R 3 enjoying the following properties:
• {Ω ε } ε>0 satisfy uniform δ−cone condition, in particular, Ω ε → Ω in the sense of Hausdorff complementary topology.;
• {Ω ε } ε>0 are exterior domains with a compact and regular boundaries satisfying "oscillation" hypothesis (1.3);
The last hypothesis states that oscillations of the boundaries are relatively slow with respect to the Mach number. As we will see below, the low Mach number limit passage is stable with respect to the class of domains satisfying the above stated hypotheses uniformly with respect to ε → 0. As the crucial issue is to establish strong (a.a. pointwise) convergence of the velocities {u ε } ε>0 , the main problem is to show that the gradient component of the velocity fields, associated to propagation of acoustic waves, converges strongly (locally a.a.) to zero in Ω.
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The momentum fields ε u ε can be written in the form
where the function Φ ε is termed acoustic potential determined as the (unique) solution of the elliptic problem
Of course, the operator H ε is nothing other than the standard Helmholtz projector onto the space of solenoidal functions in Ω ε , with vanishing normal trace. Under the hypotheses on the family of domains {Ω ε } ε>0 introduced in Section 1.3, the result of Farwig, Kozono, and Sohr [13] yields the bound
Clearly, the solenoidal part H ε [ ε u ε ] satisfying the projected equation (1.5) is apparently more regular than its gradient counterpart, in particular, the Lions-Aubin argument can be used to deduce that
for any compact K ⊂ Ω, where H denotes the Hemholtz projection in the limit domain Ω. Note that all functions can be extended outside Ω ε as the latter satisfies the uniform δ−condition. Writing
where "weakly" concerns the time variable as spatial compactness is ensured by (1.13), (1.14) . The time evolution of the potential Φ ε is governed by acoustic equation discussed in the next section.
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Acoustic equation
Lighthill [23] , [24] proposed to rewrite the compressible Navier-Stokes system in the form:
and the symbol L ε stands for the so-called Lighthill's tensor
Furthermore, Lighthill's system may be written in terms of the acoustic potential Φ ε as a wave equation
supplemented with the boundary condition
where the symbol ∆ N,ε denotes the standard Neumann Laplacian in Ω ε . We point out that the slip boundary condition (1.7) is absolutely necessary in order to justify this step.
Abstract formulation
For the sake of simplicity, we will assume that p ( ) = 1. System of equations (2.1), (2.2) can be written in the abstract form:
where −∆ N,ε is the self-adjoint extension of the Neumann Laplacian on the Hilbert space L 2 (Ω ε ), g ε ∈ L 2 (0, T ; L 2 (Ω ε )), and F = F (y) is a suitably chosen function defined on the half-line (0, ∞) that may become singular for y → 0, y → ∞.
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In order to identify the function F , we use the elliptic estimates that may be deduced by a scaling argument:
where the constant c(p) is independent of ε → 0. Now, we have
where, by virtue of (2.6),
Thus we conclude that
As the remaining terms on the right-hand side of (2.2) can be handled in a similar way, we may write (2.4), (2.5) in the form
see [15] for details.
Dispersive estimates
Solutions of system (2.7), (2.8) can be written by means of variation-of-constants formula:
Apparently, the last term on the right-hand side of (2.9) becomes unbounded for ε → 0. The idea is to use the dispersive estimates for the wave propagator exp i −∆ N,ε t ε to compensate for the singular term ε −2β . The dispersive estimates are local in the physical space and apply to a compact "frequency" range represented by a cut-off function
In particular, the dispersive estimates are not compatible with the presence of trapped modes representing proper eigenvectors of the Neumann Laplacian in Ω ε . Accordingly, after a short inspection of (2.9), we focus on integrals in the form
that can be conveniently expressed in terms of the spectral measure µ ϕ,ε associated to the function ϕ ∈ C ∞ c (Ω). Specifically, we get
for a certain functionψ ∈ L 2 µϕ,ε [0, ∞),
The main advantage of the new formula (2.10) is that the ε−dependence is concentrated in the spectral measure µ ϕ,ε . Following Last [21] we write T 0 Ωε 
Consequently, in order to obtain uniform bounds with respect to ε, we have to control the values of the spectral measure µ ϕ,ε on any compact subinterval of (0, ∞) containing supp [G] . In particular, our goal will be to show that µ ϕ,ε is (locally) Lipschitz continuous with respect to the standard Lebesgue measure, specifically, µ ϕ,ε [I] ≤ c(δ)|I| for any interval I ⊂ (δ, 1/δ), δ > 0.
(2.13) Note that Last [21] considered more general Hölder type estimates
If (2.13) holds, it is easy to deduce from (2.11), (2.12) that T 0 Ωε
It is crucial to make sure that the constant c(δ) in (2.13) is independent of ε. If this is the case, relation (2.13) provides the desired stability of the low Mach number limit process with respect to the underlying spatial domain. It is remarkable that relation (2.14) provides also a piece of information concerning the rate of decay, here of order √ ε that seems optimal. Such a result is in the spirit of the abstract theory developed by Kato [20] and intimately related to the Limiting Absorption Principle for the Neumann Laplacian, see Eidus [12] . Weaker results of the type T 0 Ωε
with ω(ε, G, ϕ) → 0 as ε → 0, can be deduced by means of the celebrated RAGE theorem, see [14] . Although (2.15) can be verified for a substantially larger class of domains, its form is not convenient for our purposes here as it may be very unstable with respect to the underlying geometries.
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Lipschitz continuity of the spectral measures
Our goal is to show relation (2.13), with a constant c(δ) independent of the scaling parameter ε. Revoking the standard Stone's formula we get
Since Ω ε are exterior domains with regular boundaries, the Neumann Laplacian ∆ N,ε satisfies the Limiting Absorption Principle (see Leis [22] , Vainberg [34] ), specifically, op-
are bounded uniformly for λ belonging to compact subsets of (0, ∞). In particular, as ϕ ∈ C ∞ c (Ω ε ), we can perform the limits in (2.16) to obtain 
where (r, θ, φ) are polar coordinates, and Y m l spherical harmonics of order l, then where h
(1) l are spherical Bessel functions, see Nédélec [30] . The localized problem can be treated easily by means of the domain perturbation methods used in spectral analysis, see Arrieta and Krejčiřík [2] and the references cited therein. In particular, the hypotheses imposed on the family of domains {Ω ε } ε>0 guarantee validity of (2.13), and, consequently, the decay estimate (2.14) uniformly for ε → 0. Note that the rate of convergence of order √ ε claimed in (2.14) is necessary to eliminate the singularity ε −2β in (2.9), that means, we need
in accordance with the list of hypotheses introduced in Section 1.3. Thus we have established convergence
Although (2.19 ) may look like a relatively weak result, it can be combined with the spatial compactness of { ε , u ε } ε>0 to obtain the desired conclusion u ε → U (strongly) in L 2 ((0, T ) × K; R 3 ) for any compact K ⊂ Ω, (2.20) see [15] for details.
Convergence via RAGE theorem
If Ω is a fixed domain, we need not to establish uniformity of the decay of acoustic waves, and, accordingly, formula (2.15) provides the desired conclusion. Inspecting relation (2.11) we recall that The presence or absence of eigenvalues and the associated eigenfuctions (trapped modes) of the Neumann Laplacian in unbounded spatial domains is a delicate issue and may depend sensitively on the geometry of the problem, see D'Ancona and Racke [11] , Linton and McIver [25] , and the references cited therein.
